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Molecular dynamics results are reported concerning cooperatively rearranging regions in simulated
Ni0.5Zr0.5 melts down to 700 K. Emphasis is laid on discriminating between clusters of mobile atoms �CMA�
from low-frequency dynamics and the all-frequency case, where the former characterize fluctuations and
relaxations on the scale of the late � regime and � decay, while the latter include, in addition, reversible
high-frequency vibrations. Separation of the low-frequency part of the dynamics is carried out by low-pass
filtering, exploiting the separation of time scales below the critical temperature Tc of the mode-coupling theory.
With increasing temperature, the low-frequency and all-frequency dynamics merge in the range of Tc when the
separation of time scales disappears. In the low-frequency CMA, the average size of correlated clusters of
connected atoms turns out to be nearly one order of magnitude larger than in the all-frequency CMA. The
low-frequency CMA appear as local clusters propagating extremely slowly in space with characteristic time
scale of �s at 700 K, the scale of the onset of � decay.
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I. INTRODUCTION

The glass transition, observed in various types of liquids,
is one of the challenging unsolved problems in actual con-
densed matter physics. One of its striking characteristics is
the dramatic increase of the viscosity by more than ten orders
of magnitude in a rather narrow temperature range above the
glass transition. Adam and Gibbs �1� promoted the idea that
this increase reflects the growth of cooperatively rearranging
regions �CRRs� with decreasing temperature, where the
CRRs are spatial units that carry the rearrangement dynamics
in the vitrifying melt. With the understanding that the CRR
formation rate reduces with increasing size, the glass transi-
tion follows in this theory from a divergence of the size of
the CRRs at a temperature that agrees with Kauzmann’s �2�
critical temperature TK.

There exist a large number of further theoretical ap-
proaches to the glass transition, which also are based on the
idea of heterogeneous dynamics in the melt, which means
the existence of CRRs. Some recent ones are, for example,
the theory of dynamical facilitation described by Garrahan
and Chandler �3,4�, the approach by Matyushov and Angell
�5�, or the proposal by Langer �6�. Accordingly, the search
for CRRs and an analysis of their sizes is a central issue in
the field of the glass transition.

At present, important information on the dynamical het-
erogeneity in vitrifying melts is gained from molecular dy-
namics �MD� simulations. In the last years, by a cluster size
analysis �CSA�—for example, �7–10� and references
therein—a systematic approach has been developed to esti-
mate the mean size of correlated rearranging clusters above
and around the critical temperature Tc of the mode-coupling
theory �11�. Further, there are our own studies �12–15�,
which concentrate on the mechanisms active in heteroge-
neous dynamics at low temperatures in suitably relaxed
structures down to TK, and there are room-temperature stud-
ies in extreme rapidly quenched structures �16�.

The present contribution reports results from combining
the methods of the CSA with our findings on the mechanisms

of heterogeneous dynamics in vitrifying metallic melts
around TK. In this temperature regime, the cage effect is fully
active. It allows a characterization of the dynamical pro-
cesses in high-viscous complex liquids as �i� vibration of
atoms in the cages formed by the shell of next-neighbor par-
ticles, �ii� reversible short-time excursions over the cage bar-
riers by individual and correlated chains of atoms, and �iii�
irreversible and long-lasting reversible low-frequency rear-
rangements of groups of atoms �12–15�. As deduced in our
MD studies on the NiZr system �12–15� and recently con-
firmed for the binary Lennard-Jones model �17�, the low-
frequency dynamics takes place in the form of bursts or ava-
lanches �12,13�, which are local events in space and time and
involve extended clusters of atoms �14,15�. These events de-
scribe the probing of the potential energy landscape �PEL� in
the course of � decay, while the high-frequency dynamics
reflects the reversible excitations.

CSA studies have considered so far superpositions of all
kinds of dynamical processes, thus mixing vibrations and
low-frequency rearrangements. Here we present results from
analyzing clusters formed only by atoms active in the irre-
versible, low-frequency dynamics. As in our recent studies
for Ni50Zr50 �12–15�, here we exploit the fact that below Tc,
when the cage effect is active, there is a marked separation of
time scales between the reversible high-frequency dynamics
and the low-frequency processes in well-relaxed vitrifying
structures. Accordingly, the high-frequency contributions to
the dynamics can be eliminated by simple low-pass filtering
�14,15�. The separation of time scales is visible, e.g., in the
intermediate scattering functions or the mean-square dis-
placements, as a flat plateau with negligible slope, extending
over more than three decades in time �14�. The necessary
separation of time scales takes place, however, only in suit-
ably relaxed structures, which in our case means that the
�-relaxation time by aging shifts towards the microsecond
regime.

Further organization of the contribution is as follows:
Section II gives a brief description of the model and meth-
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ods. Section III is devoted to the presentation of the results.
Section IV provides a short discussion, and Sec. V presents
concluding remarks.

II. MODEL AND METHODS

A. Simulation model

The MD calculations are carried out as isothermal-
isobaric �N ,T , p� simulations for a binary Ni50Zr50 system
with zero pressure. The equations of motion are integrated
numerically by a fifth-order predictor-corrector algorithm
with time step �t=2.0�10−15 s. An ensemble of N=5184
atoms is considered in an orthorhombic box with periodic
boundary conditions and variable box lengths evaluated from
the zero-pressure condition.

The simulations were performed using pair potentials
adapted to the first-principles Hausleitner-Hafner model �18�
for Ni50Zr50 and a volume-dependent electron-gas term ac-
cording to Finnis �19�. The simulations cover the tempera-
ture range between 1500 and 700 K and time windows up to
2 �s. The considered temperature interval includes the criti-
cal temperature of the mode-coupling theory of the system,
Tc�1120 K �20,21�, as well as its Kauzmann temperature
TK�750 K �22� and the glass temperature Tg�1050 K
�20,21� relevant for the applied cooling rate.

B. Low-frequency dynamics

Molecular dynamics simulations provide the individual
atom motions r�n�t�, which involve particle vibrations, revers-
ible over-barrier excursions of �chains of� atoms, and long-
living low-frequency or irreversible dynamical events. As
discussed in �14,15�, at temperatures below about 1000 K,
low-pass filtering allows for the elimination of high-
frequency fluctuations and a separate study of low-frequency
dynamics. The latter includes from their definition the irre-
versible relaxation processes in the melt. Here, as in �14,15�,
low-pass filtering is carried out by introducing smoothed
atomic paths

r̄�n�t� = �
−�

�

r�n�t��
e−�t� − t�2/2�2

�2	�2
dt�. �1�

In the numerical evaluation, the integration is substituted by
summation over a discrete set of equidistant time points with
0.1 ns step width, where the sum is limited to �t�− t�
5�.
The r̄�n�t� obviously depend on the smoothing time �. In our
previous studies, �=3 ns turned out as an appropriate choice.
We here shall use � values of this order of magnitude and
compare the predictions from these low-frequency �LF� dy-
namics with the unfiltered all-frequency �AF� results.

C. Mobility and clusters of most mobile atoms

1. All-frequency and low-frequency mobility of atoms

In order to compare the heterogeneity of LF dynamics
with the AF behavior, we adopt the procedure of Donati et al.
�7� and measure the mobility of particle n in the time interval
�t , t+�t� by the quantity

�n�t,�t� = max	�r̄�n�t�� − r̄�n�t��
t���t,t+�t�, �2�

which is the maximum displacement of atom n within the
time interval �t , t+�t�. Unlike previous CSA studies �e.g.,
�7–10,23–26��, here we use AF or LF coordinates rn�t� in
order to analyze both AF and LF atomic mobility.

The definition, Eq. �2�, allows ascribing to each atom a
quantitative value of mobility as a continuous function of
time t, interval length �t, and smoothing time �. Figure 1
demonstrates the effects of Eqs. �1� and �2�: The upper panel
shows the trajectories xn�t� and x̄n�t� of one particular atom.
While the original trajectories involve all vibrations and fluc-
tuations, the low-pass-filtered, smoothed ones present the
long-time dynamics only. The lower panel of Fig. 1 displays,
as an example, the mobility of the chosen atom as a function
of time t and arbitrarily selected interval length �t=100 ns

(b)

(a)

FIG. 1. �Color online� �a� Native �black lines� and smoothed
low-pass-filtered coordinates �light, red lines� of arbitrary particle n
as function of time. �b� Mobility parameter attributed to particle n
from native coordinates �noisy, black lines� and from low-pass-
filtered dynamics �lower red line�. The mobility is determined for a
time interval �t=10 ns. Low-pass filtering is carried out with �
=3 ns.
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from LF dynamics with �=3 ns and from AF dynamics with
�=0. In the mobility, the main effect of LF filtering is visible
for times t below 0.4 �s. In this time range, the atom carries
out short-time excursions of about 0.25 nm in space, detect-
able in the upper panel of Fig. 1 in the original positions of
the atom as short, vertical lines. As displayed in the lower
panel, these excursions induce large values of AF mobility
over the full interval length of 100 ns, although the excur-
sions have lifetimes below 1 ns. Low-pass filtering averages
out these excursions and, as obvious from Fig. 1, they do not
contribute to the LF mobility.

2. Clusters of most mobile atoms

In our further analysis we also follow closely the formal-
ism of Donati et al. �7� in the version used by Vogel and
Glotzer �10� for SiO2. Our treatment includes, however, two
minor modifications. First, we have the smoothing time � as
an additional parameter, which characterizes the eliminated
high-frequency fluctuations. Second, in our analysis we shall
not discriminate between Ni and Zr atoms when evaluating
the clusters of connected highly mobile atoms. The latter
modification takes care of the fact that in the present system
there is a strong short- and medium-range order. Ni resides in
trigonal prismatic holes formed mainly by Zr atoms �18,27�,
which yields that the probability for Ni-Ni neighbors is
markedly reduced in favor of Ni-Zr neighbors and Ni-Ni
next-nearest neighbors. This medium-range order is clearly
seen in the simulated radial distribution functions, Fig. 2, and
as a pre-peak in neutron-scattering experiments for glass
�28�.

Following �7–10�, we introduce for each t, �t, and � the
set of the Nc most mobile atoms, X�t ,�t ,� ,�� �cluster of
mobile atoms �CMA��, which includes the atoms with the
largest mobility in the interval �t , t+�t� for a given �. Here
the fraction �=Nc /N is used as an independent parameter,
with N the total number of atoms in the simulation box.

In the next step, the set X�t ,�t ,� ,�� is partitioned into
connected clusters of mobile atoms �CCMA�. A CCMA con-

sists of all those particles that at time t are connected by
paths of nearest-neighbor steps. Two atoms are denoted as
nearest neighbors if their spatial distance is less than the
minimum, rmin, between first- and second-neighbor shells in
the radial distribution function �RDF�, Fig. 2. Since we have
a binary system with two types of particles and nonadditivity
of particle size, there are three values of the critical distance,
rmin=0.34, 0.39, and 0.46 nm for NiNi, NiZr, and ZrZr pairs,
respectively.

This definition yields a unique partitioning of the set
X�t ,�t ,� ,�� into CCMA, where the analysis mainly concen-
trates on the size of these clusters, which means the number
n of atoms in each cluster.

For quantifying the cluster size distribution, the distribu-
tion function P�n ,�t ,� ,�� is introduced, which is the nor-
malized probability of finding a cluster of size n for time
interval �t and smoothing time �, when averaging over the
initial times t:

�
n

P�n,�t,�,�� = 1. �3�

The mean cluster size follows �24–26� as

SN��t,�,�� = �
n

nP�n,�t,�,�� . �4�

In order to eliminate from the mean cluster size the con-
tributions of clusters formed by statistical fluctuations in a
random set of Nc atoms, a normalized value is deduced from
SN��t ,� ,�� by

S̄w��t,�,�� = SN��t,�,��/S
N
*, �5�

with S
N
* the mean size of connected clusters in randomly

selected sets of Nc atoms.

III. RESULTS

A. All-frequencies dynamics

Figure 3 displays the results for the normalized mean size

of clusters of highly mobile atoms, S̄w��t�, obtained for
simulated Ni0.5Zr0.5 without low-pass filtering for �=0.07
and time intervals �t up to 1 �s at temperatures between
1500 and 700 K. As already mentioned, this temperature
range covers the critical temperature of the mode coupling
theory of our system, Tc�1120 K �20,21�, as well as its
Kauzmann temperature TK�750 K �22� and the glass tem-
perature Tg�1050 K �20� relevant for the applied cooling
rate.

The present data have to be compared to those provided in
the literature for glassy SiO2 �7,26�, the Lennard-Jones sys-
tem �7,10�, or the Dzugutov model �9,25�. The main differ-
ence to the so-far published data comes from the fact that we
include the temperature range below Tc and TK. This makes
it necessary to consider much longer intervals �t. Down to
temperatures of 810 K, there is overall agreement between
the present observations and the so-far published results: The
mean cluster size increases with decreasing temperature. A
particular feature is found in our data when going from

0 0.5 1 1.5 2
r [nm]
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Ni-Ni
Ni-Zr
Zr-Zr

FIG. 2. Partial radial distribution functions for Ni-Ni, Ni-Zr, and
Zr-Zr pairs in simulated Ni0.5Zr0.5 at 700 K.
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810 to 700 K. In this regime, around the Kauzmann tem-
perature TK, the cluster size decreases with decreasing tem-
perature.

B. Cluster size of mobile atoms from low-pass-filtered
dynamics

In order to demonstrate the separation of time scales be-
tween high- and low-frequency dynamics in our Ni0.5Zr0.5
model, Fig. 4 presents incoherent intermediate scattering
functions for temperatures between 1000 and 700 K. The
present results for the N=5184 atoms sample agree well with
our observations for the N=648 atoms sample at and below

900 K �14�, and like the latter, they are in accordance with
our early data �20,21�. In the correlation function, the plateau
with negligible slope over three decades in time is clearly
visible for temperatures below 1000 K. Its extension is
smaller at 1000 K.

1. Low-frequency 700-K dynamics for �=3 ns

Figure 5 presents the mean cluster size S̄w��t� of CCMA
at 700 K from LF-filtered dynamics with �=3 ns and vary-
ing � values. Around �t=16.6 ns, the figure shows a peak in
the normalized mean cluster size for � values between 0.07
and 0.11, which shifts to a lower �t and reduced height for
�=0.05 and vanishes for �=0.03. This behavior reflects the
fact that the related CCMA are fully included in the CMA for
fractions �0.07. For lower � the mobility limit increases
so much that the connectivity of the corresponding CCMA
gets lost, yielding a reduced peak height at �=0.05 and its
vanishing for �=0.03. Our further presentation mainly relies
on �=0.07.

2. Low-frequency 700 K dynamics for �=0.07 and varying �

Figure 6 provides the normalized mean size of clusters of
most mobile atoms with �=0.07 deduced from LF 700 K
dynamics in simulated Ni0.5Zr0.5 with �=0.1–4 ns and the
all-frequency case �=0. By low-pass filtering, the maximum
mean cluster size shifts from about 1.48 atoms for the unfil-
tered case to 12.8 for LF dynamics for �3 ns. At the same

time, the interval �tmax for the maximum of S̄w��t� reduces
from 160 to 16.6 ns.

A heuristic interpretation of the low-frequency dynamics
can be given in terms of individual dynamical events that are
localized in space and time. These events may be the ava-
lanches or bursts of mobile atoms described in our recent
analysis of irreversible, heterogeneous low-temperature dy-
namics �12–14�. �tmax=16.6 ns means that for this interval
length optimum conditions are found between the balance of
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T=810 K
T=900 K
T=1000 K
T=1200 K
T=1500 K

FIG. 3. �Color online� Normalized mean size of connected clus-
ters of mobile atoms from all-frequency dynamics in simulated
Ni0.5Zr0.5 as function of interval length �t for fraction value �
=0.07 at various temperatures.

FIG. 4. �Color online� Incoherent intermediate scattering func-
tion Fs�q , t� in simulated Ni0.5Zr0.5 for Ni and Zr atoms at q
=21.6 nm−1. �Decreasing plateau values belong to increasing
temperatures.�
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FIG. 5. �Color online� Normalized mean size of connected clus-
ters of mobile atoms from low-frequency dynamics ��=3 ns� in
simulated Ni0.5Zr0.5 as a function of interval length �t at T
=700 K for a fraction value � between 0.03 and 0.11.
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having sufficient large clusters in a large fraction of the in-
tervals, but low probability to have more than one local event
in one and the same interval. In the case of fixed � consid-
ered here this latter situation necessarily yields a decrease of
the counted cluster size.

In Fig. 6 the AF dynamics �=0 reflects disperse small-
cluster events. The figure indicates that they are not counted
in the LF CCMA, a behavior expected for reversible, short-
time fluctuations. The amplitudes of these fluctuations deter-
mine the apparent mobility ascribed to the involved atoms.
Apparently, for a significant number of these reversible
short-time fluctuations the amplitudes are large enough to
spoil in the AF dynamics the effects of the LF clusters. The
value �tmax=160 ns, found for the AF dynamics, means that
for this interval length accumulation of the mobility from
reversible fluctuations provides clusters of mobile atoms
with maximum size on average.

3. Temperature dependence of the size of mobile clusters
in low-frequency dynamics

In Fig. 7 we display the normalized mean cluster size

S̄w��t� from LF dynamics with �=3 ns and �=0.07 for tem-
peratures between 700 and 1000 K. The 700-K curve exhib-
its the peak already described above. At higher temperatures
there are apparently competing clusters which hinder the for-
mation of large CCMA at the given �.

Figure 8 presents the maximum of the normalized mean

size of mobile clusters in LF dynamics, S̄max�T ,��, and the
related interval length �tmax as a function of temperature. In
detail, Fig. 8�a� displays the interval length �tmax from AF
dynamics and from LF dynamics with �=3 �s and �=0.07.
It demonstrates that �tmax from LF dynamics is significantly
below the AF values for T between 700 and 900 K.

Figure 8�b� shows S̄max�T ,�� at T=700, 900, and 1000 K
for �=0.5, 1.0, 2.0, and 3.0 ns and, in addition, the AF data.

The figure reveals a marked � dependence of S̄max�T ,��. To

take care of this, we introduce an optimum value S̄max
opt �T�,

defined by the maximum S̄max�T ,�� for varying � at fixed T.
Without a detailed analysis one sees from Fig. 8�b� that

S̄max
opt �T� is close to S̄max �T ,�=3 ns� in the range between 700

and 900 K, while there are clear deviations at higher tem-
peratures. For example, around 1000 K the maximum of

S̄max�T ,�� is found below �=1 ns. For a quantitative analysis,
we have designed an interpolation scheme in the T-� plane

for S̄max�T ,�� sketched in the Appendix. Values of S̄max
opt �T�

estimated from this scheme are included in Fig. 8�b� as the
thick line. These data confirm the preceding conclusion

about the relationship between S̄max
opt �T� and S̄max�T ,��, and

they demonstrate that S̄max
opt �T� tends to approach continuously

the AF value S̄max�T ,�=0� with increasing temperature.
From Fig. 8�b� �and Fig. 12 in the Appendix�, one sees

that S̄max�T ,�� at 900 K as a function of � has its maximum

at a value �opt between 1 and 2 ns. The decrease of S̄max�T ,��
for � values above and below �opt gives additional informa-

tion on the processes governing S̄max�T ,��. A decrease of

S̄max�T ,�� with decreasing � obviously means that large
CCMA are split into shorter ones when � is reduced. This
can be explained in the way that atoms from large CCMA are
squeezed out from the total CMA by atoms from separate,
additional reversible excitations with large atomic mobility
and short lifetime. The latter average out at larger � and are

of effect only at lower �. A decrease of S̄max�T ,�� with in-
creasing � reflects a different process. There is a simple ex-

planation for such a behavior if the large value of S̄max
opt �T� is

due to a low density of large CCMA having a large fre-
quency in time. In this case, an increase of the averaging
time � leads to an apparent larger density of CCMA in each
time interval. At fixed �, the competition between the in-
creased numbers of CCMA necessarily yields a lower value

S̄max�T ,�� with increasing � and vice versa.
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FIG. 6. �Color online� Normalized mean size of connected clus-
ters of mobile atoms from low-frequency dynamics in simulated
Ni0.5Zr0.5 as a function of interval length �t at T=700 K and �
=0.07 for � between 0.1 and 4 ns and the all-frequency case �=0.
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FIG. 7. �Color online� Normalized mean size of connected clus-
ters of mobile atoms from low-frequency dynamics ��=3 ns� in
simulated Ni0.5Zr0.5 as a function of interval length �t and fraction
value �=0.07 for various temperatures between 700 and 1000 K.
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From competition of both types of processes at a given T,

the maximum value of S̄max�T ,�� results. This provides the T

dependence of S̄max
opt �T� and yields the decrease of S̄max

opt �T�
with increasing T. The competition between both types of
processes makes it such that �opt�T� varies by a factor of
about 5 between 700 and 1000 K �compare Fig. 12�, while
under the same temperature change the onset of � decay in
Ni-ISF shifts by a factor of 300 �compare Fig. 4�. Between
1000 and 700 K, a similar shift by a factor of 200–300 is
seen in the simulated Ni-diffusion coefficient �31,32� and is
expected for the crossover time between the plateaulike cage
regime and the onset of diffusion according to the simulated
mean-square displacements of Ni atoms �14�.

Figure 9 demonstrates the effects of low-pass filtering on
the cluster size distribution. It presents P�n ,�tmax�, the prob-
ability of finding connected clusters of n atoms in the system
when analyzing the most mobile atoms in the time interval
�tmax at which the maximum cluster size is found. Included

are the data for the AF and for �=3 ns LF dynamics at 700,
760, 810, and 1000 K by taking a mobile fraction �=0.07.
We limit ourselves to �=3 ns regarding the fact that the cor-

responding S̄max�T ,�� is close to S̄max
opt �T� in the relevant tem-

perature range between 700 and 900 K.
Figure 9 indicates that in LF dynamics the probability for

large clusters is increased compared to the AF case and that
there is a marked probability to find significantly larger clus-
ters in the LF case than in the AF situation. Up to two pro-
nounced deviations, the temperature dependence of
P�n ,�tmax� is small when considering separately LF and AF
data. However, for larger n, the AF 700-K distribution is
markedly below the further AF curves, and the LF 1000-K
distribution is in the range of the AF values, well below the
other LF data. The behavior of the LF 1000-K distribution

reflects the fact that LF S̄max�T ,�=3 ns� is close to AF

S̄max�T ,�=0� for this temperature. The deviation of the AF
700-K distribution indicates the decrease of the AF mean
cluster size at this temperature.

IV. DISCUSSION

Making use of a cluster size analysis �e.g., �7–10��, we
investigated for simulated vitrifying Ni0.5Zr0.5 melt the size
of cooperatively rearranging atom clusters that provide the
probing of configuration space during the evolution of the
system. In particular, for temperatures around and below
1000 K, we compare the clusters characterizing low-
frequency dynamics �below the GHz scale� with those from
all-frequency dynamics. For the considered temperatures the
former clusters describe the processes that take place in the
range of � decay, while the latter include, in addition, the
reversible vibrations of the system, with frequencies typi-
cally above the 10-GHz limit.

As already discussed, Fig. 8 demonstrates that below
1000 K the maximum mean size of CCMA in LF dynamics,

(b)

(a)

FIG. 8. �Color online� Maximum value S̄max of the normalized
mean size of connected clusters of mobile atoms and interval length
�tmax of the maximum in simulated Ni0.5Zr0.5 as a function of tem-
perature. �a� �tmax from all-frequency and low-frequency ��
=3 ns� dynamics. �b� S̄max�T ,�� from all-frequency ��=0� and low-
frequency ��=0.5, 1.0, 2.0, 3.0 ns� dynamics �symbols� as well as

S̄max
opt �T� �thick line�. �The dashed lines are guides to the eye, only.�
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FIG. 9. �Color online� Log-log plot of the probability distribu-
tion P�n ,�tmax� of the size of connected clusters from low-
frequency ��=3 ns� and all-frequency dynamics in simulated
Ni0.5Zr0.5 for interval lengths �tmax at different temperatures.
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expressed by S̄max
opt �T�, is markedly above the values from AF

dynamics, which means a significant difference in the corre-
lations of LF and AF processes.

Regarding this, one has to remember that a clear separa-
tion of the time scales of high-frequency and low-frequency
dynamics is no longer possible at temperatures above
1000 K. This can be invoked from the missing of the flat
plateau in the intermediate scattering functions in this tem-
perature range �20,21�. Accordingly, well above 1000 K
there is no natural separation of time scales between short-
time vibrations and the long-time processes of � decay. The
processes continuously merge in the way described by the
mode-coupling theory when taking into account the effects
of transversal currents �29,30� around and below Tc.

A. All-frequency dynamics

In Sec. III A we already addressed the agreement between
the increase of maximum cluster size from AF dynamics
observed here with decreasing temperature down to 810 K
and the earlier CCAM data �7–10,23–26�. There is, however,
a marked deviation between the earlier data and the present
ones regarding the absolute value of the maximal normalized

cluster size. Our maximal S̄w values vary from 1.53 to 1.83
for temperatures between 1500 and 810 K, and thus are
much smaller than found for other systems.

Clearly, the small maximum values are due to specific
features of the present system. In order to elucidate the un-
derlying details, we shall recall that the large clusters of mo-
bile atoms from LF dynamics are not visible in AF dynamics.
According to this, as sketched in Sec. III B 2, the displace-
ments taken into account in LF dynamics are smaller than
those visible in the mobile clusters of AF dynamics. On the
other hand, the processes dominating AF dynamics are not
visible in the LF dynamics. This means that the AF clusters
involve reversible, high-frequency excitations, either atom
vibrations or reversible over-barrier excitations �chains� of
atoms with relatively large amplitudes, but short lifetimes.

Closer analysis of the clusters with maximum size at
810 K reveals that the set of most mobile clusters contains
86% Ni and 14% Zr atoms, only. As already mentioned in
Sec. II C 2, it is a particular feature of the present system that
Ni-Ni nearest-neighbor pairs are energetically unfavorable
and occur with reduced probability, as visible in the RDF,
Fig. 2. Hence, the Ni subsystem is a fragile structure with
much fewer nearest-neighbor bridges than expected in a ran-
dom dense distribution of spheres. Consequently, in a CMA
consisting mainly of Ni atoms, we shall find only small
CCMA, since connecting bridges are rare. In such a set, the
size of connected clusters will markedly increase by immers-
ing Zr atoms acting as additional multiple bridging centers.
According to this, the low fraction of Zr atoms in the set of
most mobile atoms explains the low size of connected clus-
ters in this set.

Support to this arguing is given by the Smax value from AF
dynamics at 700 K. Here a value of 1.42 follows from Fig. 3,
in comparison to 1.83 for 810 K. By inspection of the CMA
from AF dynamics at 700 K with �t=�tmax, we find, indeed,
a reduction of the Zr content to 9.5% at 700 K.

The strong decrease of the Zr content from 810 to 700 K
means that at this temperature a further, Ni-rich dynamical
process takes over, which provides atomic displacements
larger than those of mixed Ni-Zr excitations active around
810 K. It is tempting to assume that these processes are in-
cage vibrations of Ni atoms in special environments with
large amplitudes. They clearly will have excitation energies
lower than most of the over-barrier motions, which makes
that with decreasing temperature the thermal weight shifts
toward the in-cage vibrations.

This explanation implies that at 700 K, below the Kauz-
mann temperature TK, individual atomic in-cage vibrations,
commonly considered as the dominating dynamic processes
in a solid, significantly determine the CMA on account of
chainlike excitations, which are the dynamic processes typi-
cal for a liquid around Tc.

B. Clusters of most mobile atoms from low-frequency
dynamics

At 700 K, our analysis of LF dynamics yields for the

maximal size of most mobile clusters S̄max=12.7 �compare
Fig. 8�b��. This value is nearly one order of magnitude larger
than the maximal cluster size from AF dynamics. Also, in
this case, an explanation of the comparably large cluster size
can be given in terms of the chemical composition of the sets
of most mobile atoms: Closer inspection shows that for LF
dynamics at 700 K and time intervals �tmax=16.6 ns, the set
of most mobile atoms consists on average of 60% Ni and
40% Zr atoms. Obviously, the Zr atoms again play the role of
multiple bridging nodes and thus markedly increase the
probability of finding large clusters of connected atoms. Re-
garding the probability of cluster sizes, Fig. 9 indicates that
for 700–810 K the probability for large clusters with n
�10 increases in the case of LF dynamics by one or more
orders of magnitude compared to the AF data.

For LF dynamics with �=3 ns, the interval length of

maximal S̄w, �tmax, is found between 1 and 16.6 ns at
1000–700 K. It is within the late � regime of mode-coupling
theory �11� for this system. Compared to the AF value, the
LF �tmax is reduced, e.g., at 700 K, by one order of magni-
tude. The shift of �tmax makes that at 700 K the ratio be-
tween the crossover time t*, which means the onset of �
decay, and the �tmax value for LF dynamics becomes
t* /�tmax�35.

This value clearly is outside the estimates from the AF
results and from the previous CSA studies around Tc �7–10�.
As we already mentioned in Sec. II B, a heuristic interpreta-
tion of the �tmax value from LF dynamics at 700 K can be
given in terms of avalanches or bursts of dynamical active
groups of atoms localized in space and time. In this case, the
interval length with maximum mean cluster size is not di-
rectly related to the diffusion decay of structure. It follows
from different demands: �i� There is the demand to increase
�t to have sufficient large time intervals to pick up a maxi-
mum number of atoms associated with a burst. �ii� There is
the demand to reduce the interval length in order to reduce
the probability for having more than one local event in one
and the same interval. At fixed �, the occurrence of two
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locally separated events with strong displacements will re-
duce the apparent maximal size of connected clusters in most
cases.

In this picture, interpretation of the ratio t* /�tmax needs
understanding of the interrelationship between the set of mo-
bile atoms and the overall diffusion of atoms, since the cross-
over time t* signals a beginning of the dominance of diffu-
sion against in-cage motion. Regarding this interrelationship
we can conclude from the present data that it needs about 35
times �tmax to fill space sufficiently dense with local dy-
namic events to provide an appreciable contribution to the
irreversible diffusion of particles. For completeness, we here
shall recall that the Ni diffusion coefficient of our system in
the glassy state between 700 and 1050 K is in reasonable
agreement with experiments for glassy Ni0.5Zr0.5 �31,32�.
�For Zr in amorphous Ni0.5Zr0.5, to our best knowledge, self-
diffusion data are not available in the literature.� In the case
of Ni, our model yields an Arrhenius-type behavior with ac-
tivation energy Q=1.2 eV and a pre-exponential factor D0
=5�10−7 m2 /s, while the experiments give Q=1.3 eV and
D0=1.7�10−7 m2 /s �33�. Hence, the LF dynamics analyzed
here and the related sets of most mobile atoms provide the
magnitude of irreversible particle dynamics expected from
experiments.

According to the above given explanation, �tmax from LF
dynamics characterizes the time after which the atoms begin
to lose the character pertaining to the set of most mobile
ones. Regarding this, Fig. 10�a� displays for �=7% and �
=3 ns the set of most mobile atoms at 700 K with t
� �t1 , t1+�tmax�, t1=32.5 ns. For the present system of 5184
atoms in the periodicity box, the figure displays that the
CMA is localized in space and fills only a limited part of the
system, which mans that the CCMA have a tendency to form
higher-level clusters in space. Figure 10�b� depicts the CMA
in the later time interval �t2 , t2+�tmax�, t2=150 ns, for other-
wise the same conditions as Fig. 10�a�. Comparison of the
two figures makes obvious that the CMA, which means the
region of LF dynamic activity, has changed its shape and
shifts within about 120 ns from the left-hand side of the pe-
riodicity box to its middle. The shift takes place by shrinking
of the set of most mobile atoms in some regions of space and
growing in other ones. This means calming down of the rela-
tive LF dynamics of atoms in the former regions compared
to the latter, where the latter grow by initiation of sufficiently
large irreversible or long-lasting displacements of atoms ad-
jacent to the CMA.

More information about the spatial propagation of LF
CMA is given by Fig. 11. The figure displays the LF mobility
autocorrelation function K�t�, which measures the probability
that a particle belonging to the LF CMA at time t1 is found in
the LF CMA at the later time t1+ t, too. In detail, K�t� is
defined as

K�t� = Nc
−1��

n

pn�t1 + t�pn�t1� , �6�

with pn�t�=1 if n�X�t ,�t ,� ,��, and pn�t�=0 otherwise. In
Eq. �6� the brackets denote averaging over time t1. Figure 11
shows K�t� for the parameters T=700 K, �=0.07, �=3 ns,
and �t=16.6 ns.

In the figure, there are two regimes visible, a short-time
one up to some 20 ns, where K�t� decays rather rapidly from
1 to about 0.4, and a long-time tail reaching far beyond the
analyzed limit of 300 ns. The short-time decay reflects rapid
correlated transitions of a larger number of atoms, like the
previously analyzed bursts or avalanches. Due to averaging
with �=3 ns, the mobility parameter from irreversible �or
LF� events will be smeared out over about 6 ns even when
the events take place on a scale well below 3 ns. Regarding
this, Fig. 11 implies that about half of the atoms in an LF
CMA participate only in short-time events like the ava-
lanches.

The long-time tail reflects slow propagation of the CMA
in space, as visible when comparing Figs. 10�a� and 10�b�,
which demonstrate the spatial changes within 117.5 ns. Al-
though Fig. 11 does not allow a proper estimate of the long-
tail decay time, it is obvious that the time scale for this decay
is the �s regime. It is this time scale that characterizes LF
CMA propagation at 700 K.

Now comes the question whether there is sufficient inde-
pendence of the CMA from the particular prescription used
to identify such a set. Regarding this, we found that an alter-
native definition of atomic mobility by the quantity �15�

�wj
2�t� = �

−�

�

dt��r� j�t� − r� j�t���2 exp�− �t − t��2/2�2�/�2	�2

�7�

yields a comparable CMA as Eq. �2�, provided the same
values are used for the fraction � and the smoothing time �.
For demonstration, Fig. 10�c� presents the CMA for the same
conditions as Fig. 10�a�, but relying on the mobility defini-
tion, Eq. �7�, instead of Eq. �2�. There is fair agreement be-
tween these two sets concerning their extension in space,
although not all atoms from the latter are found in the
former.

Closer analysis shows for the special example of Fig.
10�c� that 73% of the atoms pertaining to the set from mo-
bility definition, Eq. �2�, also are found in the LF set based
on the mobility measure, Eq. �7�. This value is close to the
average over 600 intervals �t , t+�tmax� with varying t, giving
a mean correlation of 72% �6% from comparing both sets
for each interval. According to our analysis �14,16�, the
CMA have to be visualized as arrangements with high mo-
bility in the interior and continuous decrease of mobility in
the outer regions. The deviations between the two sets from
different measures of mobility reflect, in this context, that the
ranking of atoms according to mobility varies to a certain
extent with the measure used. This necessarily makes it such
that different atoms are selected as members of the CMA due
to the sharp limit set by a fixed fraction value �.

As we already addressed in a recent paper �15�, it is
tempting to correlate the local LF dynamics events with the
objects of “defect models” that currently have gained in-
creasing interest �e.g., �3–6�� as tools to approach the ther-
modynamics of the glass transition. Promoting the concept of
dynamic facilitation �DF�, Garrahan and Chandler �3,4� con-
sider in a coarse-grained picture volume elements in a “mo-
bile” state, which are the centers of LF dynamics in the vit-
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rifying melt, while the environmental material undergoes
only reversible high-frequency fluctuations that are respon-
sible for the major part of the thermal excitation energy in
the sample. In the DF picture, volume elements in the mobile
state form excitation lines in the space-time continuum,
which in space coalesce, branch, and percolate with time
�3,4�. There are indications that in this picture � decay takes
place on the time scale within which a sufficient fraction of
total space has turned into the mobile state and is sufficiently
rearranged at least once �34�. Our observation concerning the
time evolution of the sets of most mobile atoms and their
propagation in space in essence agrees with this assumption.

These features, which we also detected in our previous stud-
ies �12–15� on LF dynamics in NiZr glass, substantiate our
finding that exploration of the PEL and metabasin transitions
takes place by processes on the low-frequency scale, either
by chain-type excitation within a CMA or by bursts or ava-
lanches �12,14�, where processes of the latter type now have
attracted much interest under the keyword democratic par-
ticle motion �17,34–36�.

The LF CMA have also features ascribed to the mobile
zones by Matyushov and Angel in their theory of the glass
transition �6�. Due to the local dynamics, the LF CMA effi-
ciently scan large regions of phase space and hence carry
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FIG. 10. Cluster of most mobile atoms in simulated Ni0.5Zr0.5 at 700 K for �=0.07, �=3 ns, and time interval �t0 , t0+�tmax�. �a� Mobility
according to Eq. �2� and time interval beginning at t0=32.5 ns, �b� mobility according to Eq. �2� and time interval beginning at t0

=150 ns, and �c� mobility according to Eq. �7� and time interval beginning at t0=32.5 ns.
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important parts of the configuration entropy of the vitrifying
melt, which is an essential feature of the mobile zones in the
treatment of Matyushov and Angel.

The present results are in accordance also with the recent
concept of dynamic propensities of Widmer-Cooper et al.
�37,38�. As discussed in �15�, in the present Ni0.5Zr0.5 system
there is a marked correlation between the regions of LF dy-
namics, which means the CMA, and structural inhomogene-
ity. For the analyzed temperature regime between 700 and
810 K, a significant correlation exists between local LF dy-
namics and averaged cage volume around Ni atoms or �a
combination of� the Qn parameter of Steinhardt et al. �39�,
with correlation values from 0.75 to 0.8 �15�. Moreover, the
correlation value between the local LF dynamics and the
potential energy of the atoms increases from 0.05 at 700 K to
0.33 at 810 K �15�, supporting the assumption for a correla-
tion between these quantities at higher temperatures, in
agreement with the recent analysis for a system of water
molecules �40�.

V. SUMMARY AND CONCLUSIONS

From the present analysis, there emerges the following
picture about the glass transition in vitrifying melts: Around
the critical temperature Tc, there is the separation of time
scales predicted by the mode-coupling theory and, as a con-
sequence, a separation of high-frequency �HF� and LF dy-
namics. The HF dynamics describes vibrations and reversible
over-barrier excursions of �groups of� atoms. The LF dynam-
ics includes reversible low-frequency and, in particular, irre-
versible structural changes responsible for � decay and the
viscous relaxations of the system.

The LF dynamics takes place in clusters �LF CMA� local-
ized in space, a feature already seen in our previous studies
about the LF dynamics �13–15�. Within an LF CMA, the
dynamics is carried by events localized in space and time.

These are the bursts or avalanches of our previous studies
�13–15� for the NiZr model, which recently also have been
found in the Lennard-Jones system �17� and now have at-
tracted much interest as democratic particle motion
�17,34,36�. These events include groups of up to about 100
connected atoms from the LF CMA, which move in a corre-
lated manner �compare also �16��.

The LF CMA have the features of mobile zones in the
dynamical facilitation picture of Garrahan and Chandler
�3,4� or the glass transition model by Matyushov and Angel
�5�, and they show significant correlations between local LF
dynamics and structural heterogeneity �15� as considered by
the concept of dynamical propensity by Widmer-Cooper et
al. �37,38�.

The localized LF CMA propagate in space. According to
our present estimate, the LF CMA have at 700 K a decay
time in the �s range, which agrees rather well with our re-
cent estimate for the onset of � decay in the quenched sys-
tem at this temperature �14�. At this temperature, the limited
number of LF CMA and their slow propagation in space
causes the extreme high viscosity of the vitrifying system.
This makes it tempting to assume that vitrification of the
melts under cooling is due to heterogeneous dynamics with
decreasing density of LF CMA, the latter being characterized
by a decreasing propagation velocity in space. Consequently,
a crucial feature of vitrification is the slowing down of the

TABLE I. Parameters akj used in the interpolation scheme for

S̄max�T ,��.

k \ j 0 1 2

1 248.16 −461.17 242.67

2 −748.87 1752.30 −1091.80

3 771.10 −1920.60 1220.40

FIG. 12. �Color online� �S̄max�T ,�� from MD simulations for
Ni0.5Zr0.5 at various T and � �symbols� and interpolation of the data
according to Eqs. �A2�–�A4� with parameters akj from Table I
�lines�.
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FIG. 11. LF mobility autocorrelation function K�t�, measuring
the probability that a particle belonging to the LF CMA at time t1 is
also found in the LF CMA at the later time t1+ t, for T=700 K,
�=0.07, �=3 ns, and �t=�tmax.
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propagation of the CMA in space with decreasing tempera-
ture, which implies a slowing down of the propagation of the
related structural inhomogeneity.

ACKNOWLEDGMENT

The authors gratefully acknowledge support by the ZAM
Jülich by providing computer capacity on the JUMP system
for carrying out the calculations.

APPENDIX

For interpolating the simulated S̄max�T ,�� data of Fig. 8�b�
we use the scheme

S̄max�T,�� = S̄max�T,� = 0� + �S̄max�T,�� , �A1�

�S̄max�T,�� = �
k=1

3

ak�T�x���k, �A2�

x��� = log10�1 + �/�ns�� , �A3�

ak�T� = �
j=0

2

akj�T/1000 K� j , �A4�

with parameters akj from Table I. Figure 12 shows

�S̄max�T ,�� from our simulation at 700, 900, and 1000 K
together with the interpolation curves according to Eq. �A2�
as a function of x���. S̄max

opt �T� in Fig. 8�b� is deduced from the

maximum of �S̄max�T ,��, Eq. �A2�, at fixed T.
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